Abstract: There is an increasing interest in dynamic systems and controls of noninteger orders or fractional orders. Clearly, for closed-loop control systems, there are four situations. They are 1) IO (integer order) plant with IO controller; 2) IO plant with FO (fractional order) controller; 3) FO plant with IO controller and 4) FO plant with FO controller. However, from engineering point of view, doing something better is the major concern. This review article will first show two examples that the best fractional order controller outperforms the best integer order controller. Then, we try to argue why consider fractional order control even when integer (high) order control works comparatively well. We will also address issues in fractional order PID controller tuning. Using several real world examples, we further argue that, fractional order control is ubiquitous when the dynamic system is of distributed parameter nature.
INTRODUCTION
After Newton and Leibniz discovered calculus in the 17th century, fractional-order calculus has been studied as an alternative calculus in mathematics (Debnath, 2004; Magin, 2004) . As claimed in (Chen et al., 2004c) , fractional order calculus will play an important role in mechatronic and biological systems. Recently, in control society, fractional order dynamic systems and controls have gained an increasing attention (Lurie, 1994; Podlubny, 1999; Oustaloup et al., 1995 Oustaloup et al., , 1996 Raynaud and Zergaïnoh, 2000) . Pioneering works in integer order controller. Then, we try to argue why consider fractional order control even when integer (high) order control works comparatively well. We will also address issues in fractional order PID controller tuning. Using several real world examples, we further argue that, fractional order control is ubiquitous when the dynamic system is of distributed parameter nature.
This review article is structured as follows. In Sec. 2, we give the first example to show that the best fractional order PID controller outperforms the best integer order PID controller for an integer order plant (DC motor with elastic shaft). Then, in Sec. 3, the second example is presented to show that, for a fractional order plant, the best fractional order boundary controller outperforms the best integer order boundary controller. We devoted a dedicated section, Sec. 4, on fractional order PID controllers and the related issues. Section 5 introduces three other fractional order controllers, namely, TID (tilted integral derivative) controller, CRONE controller and fractional leadlag compensator. In Sec. 6, we focus on justifying that fractional order dynamics and controls are ubiquitous for distributed parameter systems with an emphasis on smart material based sensing and actuation for biomimetics. A conjecture is presented in the end of Sec. 6 on the possible potential of fractional order controllers for independent loopshaping for gain and phase. Finally, Sec. 7 concludes this paper by offering some future perspectives on fractional order controls.
EXAMPLE-1: FO CONTROLLER FOR IO PLANT
In this section, we focus on using FO-PID controller for an IO plant -"DC-Motor with elastic shaft", a benchmark system from (Mathworks Inc., 2006) . Detailed results can be found in (Xue et al., 2006) .
Best IO PID vs. Best FO PID
We used constrained optimization routine to search for the best controller parameters. Two optimization criteria are used. One is ITAE (integral of time-weighted absolute error) and another one is ISE (integral of squared error), where the constraint is the maximum torque less than Nm. The reference signal is the unit step function.
For the optimally searched IO PID using ITAE,
For optimally searched IO PID using ISE, G c2 (s) = 110.09 + 10.65 s + 30.97s (2) Fig. 1 shows the responses to unit step of the angular position controlled by two integer order PID controllers G c1 (s) and G c2 (s), respectively with the Bode plots of the open-loop controlled system shown in the same figure. Step Response
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The step responses are compared in Fig. 2 with corresponding Bode plots. The observation is clear. The best FO PID performs better than the best IO PID. This is not surprising but this may not be fair since FO PID has two more extra parameters in optimal search.
How To Decide λ and µ?
In the last section, we got a flavor that FO PID performs better in side by side comparison. We simply fixed λ = 0.5 and µ = 0.6. But in reality, how to decide these two magic orders? To our best knowledge, this research question is not well answered in the literature. Here, we only show a brutal force search result to partially justify why we fixed λ = 0.5 and µ = 0.6.
Here, we build two tables of optimal ITAE and ISE, respectively, with respect to λ and µ which are enumerated from 0.5 to 1.5 with step of 0.1. In other words, we did 2 × 11 × 11 optimal searches. These two tables are visualized in Fig. 3 . Note that, in this investigation, we used the approximate order N = 4. It is unfortunate to observe that there is no definite relationship can be established in Fig. 3 . However, in general, we can qualitatively tell that, the integer case λ = 1 and µ = 1 is not optimal. In other words, the optimal case most likely corresponds to noninteger case. Moreover, we can tell that, in this benchmark system, we prefer low order integral and lower order derivative, which according to Fig. 3 give better performance.
EXAMPLE-2: FO CONTROL FOR FO PLANT
In this section, we consider a class of evolution systems described by the one-dimensional timefractional wave equation subject to a fractional order boundary controller. Via hybrid symbolic and numerical simulation and parameter optimization, we confirmed that the fractional order boundary controller not only can stabilize the fractional wave equation, but performs better than an integer order boundary controller as well. Detailed results can be found in (Liang et al., 2004b (Liang et al., , 2005 .
Problem Formulation
We consider a cable made with special smart materials governed by the fractional wave equation, fixed at one end, and stabilized by a boundary controller at the other end. Omitting the mass of the cable, the system can be represented by
where u(x, t) is the displacement of the cable at x ∈ [0, 1] and t ≥ 0, f (t) is the boundary control force at the free end of the cable, u 0 (x) and v 0 (x) are the initial conditions of displacement and velocity, respectively.
The control objective is to stabilize u(x, t), given the initial conditions (8) and (9).
We adopt the following definition for the fractional derivative of order α of function f (t) (see (Mainardi and Paradisi, 1997) and (Mainardi, 1996) ),
where the * denotes the time convolution between two functions.
In this paper, we study the performance and properties of controllers in the following format:
where k is the controller gain, µ is the order of fractional derivative of the displacement at the free end of the cable.
When µ = 1, the controller (11) is called integer order controller and has been widely used in the boundary control of wave equations and beam equations (see (Chen, 1979) , (Conrad and Morgül, 1998) , and (Chen et al., 1987) ). The effectiveness has also been verified when applied to the boundary control of fractional wave equation in (Liang et al., 2004a ). When 0 < µ < 1, can controller (11) stabilize the system? What advantages does a fractional order controller have over integer order controllers?
Performance Comparison
To test if fractional order boundary controllers can be used to stabilize the fractional wave equation, the following three different systems were simulated
All cases have the same initial conditions
Remark 3.1. In Case 3, k = 0.2 were chosen rather than k = 0.1, because when the fractional wave equation is closer to the wave equation (α → 1), the response tends to oscillate and needs a larger damping to stabilize quicker.
The descriptions of the simulation results are summarized as follows:
• For α = 1.1, the displacement of the free end is shown in Fig. 4 . The displacement of the whole cable for µ = 0.7 is shown in Fig. 5 .
• For α = 1.5, the displacement of the free end is shown in Fig. 6 . The displacement of the whole cable for µ = 0.7 is shown in Fig. 7 .
• For α = 1.9, the displacement of the free end is shown in Fig. 8 . The displacement of the whole cable for µ = 0.7 is shown in Fig. 9 . The simulation results show that all simulated boundary controllers can stabilize the systems. It is also shown that smaller µ means smaller overshoot and longer rise time, and vice versa.
Next, we will study the performance comparison between the fractional order boundary controller and the integer order boundary controller.
First, we will find the optimal fractional boundary controller applied to the classical wave equation (α = 1) using the initial condition (12). k and µ are initialized as k = 1 and µ = 0.5. The optimal values of k and µ turn out to be k * = 1, µ * = 1, which means the integer order boundary controller achieves the best performance. The displacement of the free end and the whole cable are shown in Fig.10 and Fig.11 , respectively. We can see that the response becomes zero for t > 2, an already well-known result (see (Chen and Zhou, 1990) ).
Is the integer order boundary controller always better than the fractional order boundary controller? Let us try the fractional wave equation with α = 1.5. The optimal fractional order controller turns out to be k * = 0.7608 and µ * = 0.9275. The optimal integer order boundary controller is with gain k * = 1.1453.
The comparison of the free end displacement between the optimal fractional order boundary controller and optimal integer order boundary controller is shown in Fig. 12 . From Fig. 12 we can see that the response to the optimal fractional order boundary controller not only has shorter rise time and settling time, but also has no overshoot. The plots of the displacement of the whole cable are shown in Fig. 13 and Fig. 14, respectively. Finally, we study the case of α = 1.1, in which the fractional wave is much closer to the diffusion equation than to the wave equation. The optimal fractional order controller is k * = 0.2455, µ * = 0.8882 and optimal integer order controller is k * = 0.6787. The comparison of the free end displacement is shown in Fig. 15 . We can see that the optimal fractional order boundary controller is again much better than the optimal integer order boundary controller. The displacements of the whole cable are comapred in Fig. 16 and Fig. 17 , respectively. For integer order boundary controllers (µ = 1), we seek the best gain k to
Subject to: k > 0.
For fractional order boundary controllers (0 < µ ≤ 1), the task to to find the best gain k and the fractional order µ to
Subject
The optimization program we chose is SolvOpt (see (Kuntsevich and Kappel, 1997) ), a free program for local nonlinear optimization problems.
FRACTIONAL ORDER PID CONTROLLERS
According to a survey (Yamamoto and Hashimoto, 1991) of the state of process control systems in 1989 conducted by the Japan Electric Measuring Instrument Manufacturer's Association, more than 90 percent of the control loops were of the PID type. It was also indicated (Bialkowski, 1994) that a typical paper mill in Canada has more than 2,000 control loops and that 97 percent use PI control. Therefore, the industrialist had concentrated on PI/PID controllers and had already developed one-button type relay auto-tuning techniques for fast, reliable PI/PID control yet with satisfactory performance (Leva, 1993; Karl J. Astrom, 1995; Yu, 1999; Tan et al., 2000; Aniruddha Datta, 2000) .
Intuitively, with noninteger order controllers for integer order plants, there is a better flexibility in adjusting the gain and phase characteristics than using IO controllers. This flexibility makes FO control a powerful tool in designing robust control system with less controller parameters to tune. The key point is that using few tuning knobs, FO controller achieves similar robustness achievable by using very high-order IO controllers. PI λ D µ controller, also known as PI λ D δ controller, was studied in time domain in (Podlubny, 1999) and in frequency domain in (Petráš, 1999) . In general form, the transfer function of PI λ D δ is given by
where λ and δ are positive real numbers; K p is the proportional gain, T i the integration constant and T d the differentiation constant. Clearly, taking λ = 1 and δ = 1, we obtain a classical PID controller. If λ = 0 (T i = 0) we obtain a PD δ controller, etc. All these types of controllers are particular cases of the PI λ D δ controller. The time domain formula is that (Monje et al., 2004; Remark 4.1. We comment that since PID control is ubiquitous in industry process control, FO PID control will be also ubiquitous when tuning and implementation techniques are well developed.
SOME OTHER FRACTIONAL ORDER CONTROLLERS
As already widely known, the early attempts to apply fractional-order derivative to systems control can be found in (Manabe, 1960; Axtell and Bise, 1990; Oustaloup, 1981) . In this section, three other representative fractional-order controllers in the literature will be briefly introduced, namely, TID (tilted integral derivative) controller, CRONE controller and fractional lead-lag compensator. For detailed introduction and comparison, refer to (Xue and Chen, 2002) . For the latest developments, we refer to (Vinagre and Mehaut et al., 2004; Oustaloup, 2006) .
• TID Controller. In (Lurie, 1994) , a feedback control system compensator of the PID type is provided, wherein the proportional component of the compensator is replaced with a tilted component having a transfer function s − 1 n . The resulting transfer function of the entire compensator more closely approximates an optimal transfer function, thereby achieving improved feedback controller. Further, as compared to conventional PID compensators, the TID compensator allows for simpler tuning, better disturbance rejection ratio, and smaller effects of plant parameter variations on closed loop response.
The objective of TID is to provide an improved feedback loop compensator having the advantages of the conventional PID compensator, but providing a response which is closer to the theoretically optimal response. In TID patent (Lurie, 1994) , an analog circuit using op-amps plus capacitors and resistors is introduced with a detailed component list which is useful in some cases where the computing power to implementing T 3 (s) digitally is not possible. An example is given in (Lurie, 1994) to illustrate the benefits from TID over conventional PID in both time and frequency domain.
• CRONE Controller.
The CRONE control was proposed by Oustaloup in pursuing fractal robustness (Oustaloup et al., 1995 (Oustaloup et al., , 1996 . CRONE is a French abbreviation for "Contrôle Robuste d'Ordre Non Entier" (which means non-integer order robust control). In this section, we shall follow the basic concept of fractal robustness, which motivated the CRONE control, and then mainly focus on the second generation CRONE control scheme and its synthesis based on the desired frequency template which leads to fractional transmittance Oustaloup and Mathieu, 1999) .
In (Oustaloup, 1991) , "fractal robustness" is used to describe the following two characteristics: the isodamping and the vertical sliding form of frequency template in the Nichols chart. This desired robustness motivated the use of fractional-order controller in classical control systems to enhance their performance.
With a unit negative feedback, for the characteristic equation
the forward path transfer function, or the open-loop transmittance, is that
which is the transmittance of a non integer integrator in which ω u = 1/τ denotes the unit gain (or transitional) frequency. In controller design, the objective is to achieve such a similar frequency behavior, in a medium frequency range around ω u , knowing that the closed loop dynamic behavior is exclusively linked to the open loop behavior around ω u . Synthesizing such a template defines the non-integer approach that the second generation CRONE control uses.
There are a number of real life applications of CRONE controller such as the car suspension control (Oustaloup, 1990; Oustaloup et al., 1996) , flexible transmission (Oustaloup et al., 1995) , hydraulic actuator (Lanusse et al., 2000) etc. CRONE control has been evolved to a powerful non-conventional control design tool with a dedicate MATLAB toolbox for it (Oustaloup et al., 2000b) . For an extensive overview, refer to (Oustaloup et al., 2000a) and the references therein.
• Fractional Lead-Lag Compensator. In the above, fractional controllers are directly related to the use of fractional-order differentiator or integrator. It is possible to extend the classical lead-lag compensator to the fractional-order case which was studied in (Raynaud and Zergaïnoh, 2000; IFA, 2005) . The fractional lead-lag compensator is given by
where 0 < ω b < ω h , C 0 > 0 and r ∈ (0, 1). The autotuning technique has been presented in (IFA, 2005) .
We conclude this section by offering the following remark.
Remark 5.1. Just like the non-integers are ubiquitous between integers, noninteger order control schemes will be ubiquitous by extending the existing integer order control schemes into their noninteger counterparts. For example, fractional sliding mode control with fractional order sliding surface dynamics; model reference adaptive control using fractional parameter updating law etc. The opportunities for extensions are almost endless. However, the question remains: we need a good reasons for such extensions. Performance enhancement as demonstrated in previous sections is only part of the reason. There are some deeper reasons as discussed in the next section.
UBIQUITOUS FRACTIONAL ORDER CONTROLS
Let us begin by referring to (Desai, 2000) . In the preface of (Desai, 2000), Desai remarked "Students of mechanics of materials often raise the question, 'Is there a constitutive model which is applicable to all materials?' And I respond 'Although our understanding of the material's response is growing, there is no model available that can characterize all materials in all respects. To understand and characterize matter (materials) completely, one may need to become the matter itself! When that happens, there is no difference left, and a full understanding may follow.' This realization is important because the pursuit towards increased comprehension and improved characterization of materials must continue!" In other words, our world is distributed parameter in nature. As our technology evolves, the lumped parameter thinking about our world is no longer efficient enough for increasingly demanding performance.
For distributed parameter systems (DPS), it has been shown that fractional order calculus will play a role in its modeling and analysis. It is natural to consider fractional order controls. In between DPS and lumped parameter systems (LPS), there are other types of systems such as porous media based systems and particulate or granular systems. Depending on the scales of modeling (micro, meso, macro), fractional order dynamics will show up at certain scale. We can conclude that, probably, fractional calculus might be the right tool to characterize the DPS using the LPS viewpoint. In short, DPS is ubiquitous, so is fractional order calculus.
On the other hand, smart materials have been developed to such a state that "biomimetics" is possible using smart material based sensing and actuation. Just imagine our central nerve system and the neuromusculoskeletal system. It is distributed parameter in nature and has infinite dimensional dynamics with memory. It is analog in nature, too. Using digital modeling is just for our own convenience. Likewise, using integer order dynamic modeling is only for our own convenience. We believe, fractional order calculus may be the right notion to modeling and control of neuromusculoskeletal systems.
As we know that "biomimetics" is an engineering discipline learning from nature. Biomimetics is in fact an enabling discipline which looks towards nature for ideas that may be adapted and adopted for solving problems: 'Inspiration rather than imitation'. Although in the current stage, the dominant efforts are on characterizing the biomimetic material properties, eventually, the control will come into play. The typical behaviors of biomimetic actuators include the timedependent relaxation, anisotropy, elasticity, viscoelasticity, creep and hysteresis and other memoryless nonlinearities. These are tough challenging behaviors for advanced controllers. To appreciate the importance of controls, let us refer to the recent special issue on dynamics and control of smart structures, IEEE Transactions on Control Systems Technology. The Guest Editorial (Reza Moheimani and Goodwin, 2001 ) tells that "Materials that are used in the construction of smart structures include, but are not limited to, piezoelectric materials, shape memory alloys, magnetorheological and electrorheological fluids and magnetostrictive materials. Most of these materials have been known for a long time. For example, piezoelectricity was first discovered in the early 1800s. The reason for an explosion of recent interest in this area can be attributed to the availability of powerful computers over the past two decades, which has allowed researchers and engineers to control the behavior of smart structural systems in efficient ways. A key factor in guaranteeing high-performance operation of smart structures is the control algorithm." In this special issue, many papers tried to attack the hysteresis problem (Cruz-Hernandez and Hayward, 2001; Majima et al., 2001, e.g.) since hysteresis is an intrinsic characteristic of transducers based on "smart materials," which rely on modifications of stress-strain relationships invariably associated with hysteretic behavior.
We briefly envision the following on fractional calculus for biomimetic control:
• Fractional order modeling and fractional order system identification. To better model the dynamics of biomimetic materials, integer order based model will not be enough. Furthermore, the fractional order itself could be varying or state-dependent. Refer to (Hartley and Lorenzo, 2003) and the references therein for more details.
• Fractional order controller design. In previous sections, it has been shown that fractional order controllers can improve the control systems performance. However, the controller design and tuning methods are just of a recent focus (Monje et al., 2004; . The fractional order disturbance observer (Chen et al., 2003) will be useful for vibration suppression in biomimetic control systems.
• Fractional order controller for nonlinearity compensation. For memoryless nonlinearities such as deadzone, backlash, static distortion can be compensated by using fractional order control. For example, (Ma and Hori, 2004) investigated the use of FOC to suppress the vibration due to backlash in motion control systems. For nonlinearities with memory, the typical one is the hysteresis. It is for sure that FOC can compensate the hysteresis effect in a closed-loop control systems. This is motivated by observing the Fig.  10 of (Cruz-Hernandez and Hayward, 2001) where the so-called "phaser" is nothing but a band-pass approximation of a fractional order differentiator.
Having pointed out the possible use of FOC in biomimetic control, it is now important to have a look of the implementation issue of fractional order controllers. Existing methods are all based on certain approximation schemes in either digital (Oustaloup et al., 2000b; form or analog form (Petras et al., 2002) . Another important direction for FOC realization is the "authentic application" using "Fractors" (Bohannan, 2002) . The key idea of Fractor is that we can make use of certain "lossy" dielectrics to make a capacitance with impedance of the form of Z F = K/s α with K the lumped gain and α ∈ [0, 1] the fractional order (Bohannan, 2002) . For example, the lithium hydrazinium sulphate (LiN 2 H 5 SO 4 ) has such an impedance characteristic. This idea is now currently under pursuing aiming to mass produce compact FOC elements. We can expect that a revolution may happen when existing PI/PID controllers could be upgraded to fractional order PI/PID controllers since more than 90% of the industrial controllers are of PI/PID type.
Since the dynamic behaviors of many biomimetic materials exhibit certain "fractionality", this prompts us to check the other suitable implementations of FOC using biomimetic materials similar to LiN 2 H 5 SO 4 . Therefore, the big picture for the future is the intelligent control of biomimetic system using biomimetic materials with fractional order calculus embedded. In other words, it is definitely worth to have a look of the notion of "intelligent control of intelligent materials using intelligent materials." Advocating this picture is one of the major purposes or contributions, if any, of this paper.
Finally, we conclude this section by presenting the following conjecture:
Remark 6.1. Conjecture: It is well known due to Bode that, for finite dimensional linear time invariant single input and single output rational systems, the gain and phase are inter-related. For robust loop shaping, it is not possible to do loopshaping for gain and loop phase plots independently. However, using fractional order control, this is possible. In other words, fractional order controllers have the potential to do loopshaping of phase and gain independently.
CONCLUSIONS AND FUTURE PERSPECTIVE
In this review article, we first showed two examples that the best fractional order controller outperforms the best integer order controller. Then, we tried to argue why consider fractional order control even when integer (high) order control works comparatively well. We also addressed issues in fractional order PID controller tuning. Using several real world examples, we further argue that, fractional order control is ubiquitous when the dynamic system is of distributed parameter nature. In particular, we discussed the biomimetic control and the role of fractional order control in biomimetics. We highlighted the notion of "intelligent control of intelligent materials using intelligent materials." We also conjectured that fractional order controllers have the potential to do loopshaping of phase and gain independently.
As for the future perspective, we briefly offer the following remarks for future investigation
• Power law Lyapunov stability theory should replace the exponential law based Lyapunov stability theory? • Power law phenomena are due to time-/spatial-fractional order dynamics? • Time frequency analysis, multi-resolution analysis (wavelet), fractional Fourier transformation, and fractional order calculus are inter-related? • Long range dependence of stochastic process is due to fractional order dynamics? • · · · Some of our investigations, to be published elsewhere, have already shown that, some of the above speculations are true.
As a final remarks, the readers are reminded that whenever the following words appears:
• power law • long range dependence • porous media • particulate • granular • lossy • anomaly • disorder • · · · think about fractional order dynamics and controls. In general, fractional order dynamics and controls are ubiquitous.
